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A1: Integration By Parts - Module Description and 
Suggested Problems 


What This Module Is About 
Integration by parts is a technique that exploits two facts. 


e Integration is hard but differentiation is easy. 
e Differentiation often significantly simplifies a function (e.g. differentiating ]n x gives you i which is a much simpler function to 
handle) 


Using these facts, integration by parts can help us dealing with integrands that are a product of two well-known functions, a situation 
that appears in applications frequently, for example when effects compound like they do when multiplying probabilities of two events. 


Once we finished this module... 


e ... you will be able to recognise when integration by parts is a useful method to use. 
e ... you will be able to decide how the product in the integrand needs to be separated to use this technique. 
e ... you will see the value in using integration by parts iteratively, i.e. several times in a row. 


Textbook Reference: Calculus Volume 2 Chapter 3.1 https://openstax.org/books/calculus-volume-2/pages/3-1-integration-by- 
parts (https://openstax.org/books/calculus-volume-2/pages/3-1-integration-by-parts) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 


The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
3,5, 7, 15, 19, 23, 41, 47 


Past term test and exam questions: 
2021 Term Test 1: Q2, Q5 


A2: Trigonometric Substitution - Module Description 
and Suggested Problems 


What This Module Is About 


1 
Trigonometric Substitution is a useful technique to solve integrals involving expressions like 2 or ==. Such expressions 
g q g g exp V9 + 0 73710 p 


appear frequently in applications, for example when computing the arclength of a curve or when dealing with geometric models that 
involve right triangles (think: ¿ — 4/a2 + b2). 


To use Trigonometric Substitution (often called "trig sub"), we first insert a trigonometric function (like sine, cosine, tangent), then solve 
the integral, and then get rid of the trigonometric functions again (resubstitution). 


Once we finished this module... 


e ... you will be able to recognise when trig substitution can help to solve an integral and which substitution should be used. 

e ... you will be able to use trigonometric identities when solving integrals. 

e ... you will be able to use what is called a "reference triangle" to help you with resubstituting as the final step of solving an integral 
with trig sub. 


Textbook Reference: Calculus Volume 2 Chapter 3.3 https://openstax.org/books/calculus-volume-2/pages/3-3-trigonometric- 
substitution _(https://openstax.org/books/calculus-volume-2/pages/3-3-trigonometric-substitution) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 


The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Note: When doing the problems below, you can use the integrals of tan @ and the integrals of sec @ by looking them up on a formula 
sheet, like the one provided in the textbook. 


Textbook Exercises: 
135, 151, 161, 165, 169, 175, 179 


Past term test and exam questions: 

2017 Term Test 1: Part |, Question 1 

2018 Term Test 1: Part 1, Question 2 

2020 Term Test 1: Part 1, Question 1, Team Question 5b 
2021 Term Test 1: Q3, Q4, 

2021 Final: Q1 


A3: Partial Fractions - Module Description and 
Suggested Problems 


What This Module Is About 


Partial fraction decomposition is a very useful method that allows us to express any rational function (i.e. "polynomial divided by a 
polynomial") as a sum of much easier fractions that can be integrated using methods that we already know. 


Partial fraction decomposition has important applications beyond integrating rational functions. For example, electrical and mechanical 
engineers use partial fractions for analysing linear differential equations with resonant circuits and feedback control systems. You might 
also learn about something called the Laplace Transform later in your engineering career, where partial fraction decomposition is also 
very useful. 


Once we have finished this module... 


e ... you will understand partial fraction decomposition as the reverse process of adding fractions. 

e ... you will be able to recognise the circumstances under which polynomial long division is needed, and use long division to write 
any improper rational function as the sum of a polynomial and a proper rational function. 

e ... you can distinguish the difference between single and repeated factors, and between linear and irreducible quadratic factors of 
polynomials. 

e ... you will be able to express any proper rational function as a sum of “simple functions” and to solve the resulting integrals. 


Textbook Reference: Calculus Volume 2 Chapter 3.4 https://openstax.org/books/calculus-volume-2/pages/3-4-partial-fractions 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 


lots of conceptual exercises. Please also note the comments on the study advice page 
The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
189, 193, 209, 223, 227, 231 


Past term test and exam questions: 
2017 Term Test 1: Part 1 Question 2 
2019 Term Test 2: MC, Question 1 
2020 Term Test 1: MC, Q2 

2021 Term Test 1: Q1, Q4 


A4: Numerical Integration - Module Description and 
Suggested Problems 


What This Module Is About 
There are three main instances when finding the exact value of a definite integral is impossible or infeasible: 


e itis impossible to find an explicit antiderivative 

e itis possible but very hard to find an explicit antiderivative 

e we need to integrate empirical, tabulated data coming from an experiment in which case we do not know "the function" behind the 
experiment. 


In these cases we need to find approximate values of definite integrals. In this module we will learn different approximation techniques. 
We will review the left point and right point rule from MAT186 and introduce the midpoint and trapezoid rules. We will also consider 
"taming the error" of our approximations to decide how "good" it is. 


Once we finished this module... 


e ... you will appreciate the need for numerical integration and its applications to practical situations. 

e ... you will understand that approximating an integral boils down to approximating the graph with simpler functions. 

e ... you will be able to approximate an integral using different methods. 

e ... you will be able to decide which approximation method to use given the constraints of your model from an applied context (e.g. if 
you should over- oder under-estimate a quantity). 

e ... you will understand the meaning of the error of an approximation and will be able to determine an upper bound for the error in an 
approximation of an integral. 


Textbook Reference: Calculus Volume 2, Chapter 3.6 https://openstax.org/books/calculus-volume-2/pages/3-6-numerical- 
integration (https://openstax.org/books/calculus-volume-2/pages/3-6-numerical-integration) 


Note that we are not covering Simpson's Rule in this course. 


Calculus Volume 2, Chapter 1.1 https://openstax.org/books/calculus-volume-2/pages/1-1-approximating-areas 
(https://openstax.org/books/calculus-volume-2/pages/1-1-approximating-areas) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
Chapter 1.1, 13, 17, 21, 25, 31, 45, 53 
Chapter 3.6, 299, 303, 307, 317, 325, 341 


Past term test and exam questions: 
2019 Term Test 1: 7 

2019 Exam: 12b (use Part a) 

2020 Term Test 1: Q5/6/7, Q10 
2021 Term Test 1: Q6, Q7 

2021 Term Test 2: Q2, Q3, Q4 
2021 Final: Q4 


AS: Improper Integrals - Module Description and 
Suggested Problems 


What This Module Is About 
Our main objective in this module is to extend the concept of definite integral to the case where one of the following two happens: 


e Integrals over unbounded intervals where the interval of integration is infinite. 
e Integrals of unbounded functions where the integrand has infinite discontinuities (vertical asymptotes) within the interval of 
integration or at one of the bounds. 


These two types of integrals are both called improper integrals. Typical applications of these integrals can be found in physics (e.g. 
energy necessary to escape earth's gravitational field) and probability and statistics (e.g. likelinood of a certain quantity being above a 
threshold). 


Once we finished this module... 


e ... you will understand improper integrals as limits of definite integrals. 

e ... you will be able to determine whether an improper integral converges or diverges by either evaluating it from the definition, or by 
comparing it to other integrals whose convergence is already know. 

e ... you will appreciate the importance of improper integral in real life applications. 


Textbook Reference: Calculus Volume 2, Chapter 3.7 https://openstax.org/books/calculus-volume-2/pages/3-7-improper- 
integrals _(https://openstax.org/books/calculus-volume-2/pages/3-7-improper-integrals) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 


The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
347, 353, 357, 373, 387 


Past term test and exam questions: 

2019 Term Test 1: Long Answer Part Question 8 
2017 Term Test 1: Part II Question 11 

2020 Term Test 1: Q9, Q11 

2021 Term Test 2: Q2, Q5, Q6 

2021 Final: Q2 


B1: Riemann Sums - Module Description and 
Suggested Problems 


What This Module Is About 


Why do we compute integrals? By now you are probably quite good at naming several techniques and using them. You probably also 
know that integrals describe "the area under a curve". That's nice, but why is it again that we care to find that "area under a curve"? 
The fact is that in many applied contexts in engineering you will encounter situations where something more or less continuous needs 
to be "summed up": 


e Summing up the density along the length of a piece of metal gives mass. 

e Summing up cross-sectional areas along the length of a solid object gives volume. 
e Summing up the force exerted by a drive along displacement gives energy. 

e and so on... 


This is why we care about integrals so much. And that's why in this module we want to discover interesting examples of such 
applications. 


You have already seen Riemann Sums and many applications in MAT186. In this module, we are revisiting Riemann Sums, but thanks 
to more integration techniques we are now able to handle more sophisticated Riemann Sums than some months ago. 


Once we finished this module... 


e ... you will be even more comfortable with sigma notation for finite sums. 

e ... you will be able to translate an applied problem into a Riemann Sum by thinking of the applied situation in terms of "slices". 

e ... you will be able to go from a Riemann Sum (which is an approximation of a quantity we are looking for) to an Integral (which - if 
computed instead of approximated - provides the exact value of that quantity). 


Textbook Reference: 


For sigma notation and Riemann Sums: Calculus Volume 2, Chapter 1.1 https://openstax.org/books/calculus-volume-2/pages/1-1- 
approximating-areas (https://openstax.org/books/calculus-volume-2/pages/1-1-approximating-areas) 


To translate from Riemann Sums to Integrals: Calculus Volume 2, Chapter 1.2 https://openstax.org/books/calculus-volume- 
2/pages/1-2-the-definite-integral _(https://openstax.org/books/calculus-volume-2/pages/1-2-the-definite-integral) 


For applications: Calculus Volume 2, Chapters 2.1-2.6 https://openstax.org/books/calculus-volume-2/pages/2-introduction 
(https://openstax.org/books/calculus-volume-2/pages/2-introduction) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 

1.1: 8, 13, 17, 35, 37, 55 

1.2: 67, 79, 105, 107, 113, 127, 135 
2: 456 


Past term test and exam questions: 
2017 Term Test 1: 10 

2018 Term Test 1: 11 

2019 Term Test 1: 7 

2019 Exam: 12 

2020 Term Test 1: Q3, Q12 

2020 Term Test 2: Q8 

2020 Final: Q1 (also needs F-modules) 
2021 Term Test 2: Q1, Q7 


C1: Introduction to ODEs - Module Description and 
Suggested Problems 


What This Module Is About 


Differential equations have wide applications in many different areas of engineering and science. They play an extremely important role 
in modelling a wide variety of real problems, such as current in an electrical circuit, radioactive decay, cooling, bridge design, 
suspension in a car, and so on. In general, whenever we study physical quantities that change with time, we will need to model the 
situation using differential equations. 


The main goal of this module is to give you a broad view of the subject of Ordinary Differential Equations (ODEs). We will introduce a 
few important definitions and some commonly used terminology, and discuss different ways that differential equations are classified. 


By the end of this module... 


e ... you will be acquainted with some of the language used to discuss differential equations. 

e ... you will be able to check whether a given function is a solution to a given differential equation. 
e ... you will be able to analyse some simple differential equations. 

e ... you will be exposed to some simple real life applications of ODEs. 


Textbook Reference: Calculus Volume 2, Chapter 4.1 https://openstax.org/books/calculus-volume-2/pages/4-1-basics-of- 
differential-equations _(https://openstax.org/books/calculus-volume-2/pages/4-1-basics-of-differential-equations) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 


The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
17, 23, 25, 57, 63 


Past term test and exam questions: 
2019 Term Test 2: 10 

2018 Term Test 2: 2-4 

2020 Term Test 1 MC, Q4, Q8 
2021 Term Test 3: Q5 

2021 Final: Q1 


C2: Separable ODEs - Module Description and 
Suggested Problems 


What This Module Is About 


We already know how to check if a given function is a solution to a differential equation, but how can we find such solutions in the first 
place? Unfortunately, finding explicit solutions to a differential equation is usually very difficult, and sometimes even impossible. 
However, there are very special types of equations that can actually be solved. In this module we will focus on one of these, called 
separable equations, and we will develop a method for solving them. 


Separable equations appear in real wold problems such as radioactive decay, population growth, changes in the temperature of your 
coffee, etc.. 


By the end of this module... 


e you will be able to recognise a separable differential equation; 
. : : f dy 
e you will be able to solve differential equations of the form 77 f(t)g(y) 


e you will be able to study some real life phenomena that can be modelled using separable equations. 


Textbook Reference: Calculus Volume 2, Chapter 4.3 https://openstax.org/books/calculus-volume-2/pages/4-3-separable- 
equations (https:/openstax.org/books/calculus-volume-2/pages/4-3-separable-equations) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 


The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
127, 135, 151,155, 157, 167 


Past term test and exam questions: 
2018 Term Test 2: 7 

2018 Term Test 2: 3 

2019 Term Test 2: 10 

2020 Term Test 1: Q13 


C3: Linear First-Order ODEs - Module Description 
and Suggested Problems 


What This Module Is About 


In this module we will learn a technique to solve one of the most important types of differential equations - the first-order linear 
differential equations. First-order linear differential equations are extremely important in science and engineering as they model 
phenomena of cooling, population growth, radioactive decay, mixture of salt solutions, series circuits, draining a tank, economics and 
finance, drug distribution, etc.. 


By the end of this module... 


e you will be able to recognise a first order linear differential equation and write it in its standard form. 
e you will be able to solve a differential equation of the form a + a(t)y = b(t). 


e you will understand how the integrating factor itself is the solution of an ODE involving a(t). 
e you will appreciate the importance of linear first-order differential equations in real life applications 


Textbook Reference: Calculus Volume 2, Chapter 4.5 https://openstax.org/books/calculus-volume-2/pages/4-5-first-order-linear- 
equations (https:/openstax.org/books/calculus-volume-2/pages/4-5-first-order-linear-equations) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
219, 225, 229, 245, 251, 255, 259, 261 


Past term test and exam questions: 
2018 Term Test 2: 4 

2017 Term Test 2: 2 

2020 Term Test 1: Q13 

2021 Term Test 3: Q3, Q4 


C4: Qualitative Analysis of ODEs - Module 
Description and Suggested Problems 


What This Module Is About 


In Modules C2 and C3, you learned about helpful techniques to find solutions to Ordinary Differential Equations that are linear and/or 
separable. The "bad news" is that there are many ODEs in applied contexts that aren't this nice and straightforward to solve. While, 
given some basic conditions, most ODEs have a solution, finding an explicit expression for the solution can be hard or impossible to 
do. This isn't surprising. In the end, finding ODEs is closely related to finding integrals. And finding integrals can be tricky. 


So what do we do if we have an ODE in an applied context and can't just solve it? Broadly speaking, there are two possible 
approaches: 


e One option is to find approximate solutions. For example there is a process called "linearization" that takes a more complicated 
ODE and replaces it by a simpler ODE that is "similar" and can be solved. And there are numerical techniques, like Euler's Method 
(see MAT 186) that allow you to approximate the solution. 

e Another option is to make predictions about the behaviour of solutions without finding a solution. 


The methods your learn in this module will all be of the second kind. We will not solve a single ODE in this module. Instead we will 
study the behaviour of solutions directly from the ODE. It is one of the most powerful ways to study ODEs, and also one of the methods 
that most depends on a "human factor" (i.e. computers are very bad at this). 


By the end of this module... 


e ... you will understand the difference between phase plots in the y-y'-plane and solution plots in the t-y-plane. 

e ... you will be able to translate from phase to to solution plot and vice versa. 

e ... you distinguish between autonomous and non-autonomous ODEs. 

e ... you can find equilibria and classify them by their stability. 

e ... you can predict the monotonicity (increasing/decreasing) and concavity of solutions from equations and phase plots. 
e ... you can plot direction fields and use them to analyze the behavioud or functions. 


Textbook Reference: Calculus Volume 2, Chapter 4.2 https://openstax.org/books/calculus-volume-2/pages/4-2-direction-fields- 
and-numerical-methods (https:/openstax.org/books/calculus-volume-2/pages/4-2-direction-fields-and-numerical-methods) 


Note: We will NOT cover the numerical methods in this chapter. 
Note: Phase plots and predicting monotonicity and concavity are not covered in the texbook. 


Note: This module is a new addition to MAT187, which means there are limited past term test exercises. 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 67, 69, 71, 73, 79, 81, 83, 84-88, 89-93 


Past term test and exam questions: 
2020 Test 1: Q8 
2021 Test 3: Q5 
2021 Final: Qic 


C5: Modeling with ODEs - Module Description and 
Suggested Problems 


What This Module Is About 


First-order differential equations can be used to investigate a wide variety of problems in engineering and in the physical, biological, 
and social sciences. In this module, we will explore some applications. Some examples are: 


e If adding sugar to a tank at a certain rate, how long will it take before we reach the salt concentration we want? 

e How can a model for population dynamics capture exponential growth while also capturing the fact that there are only finite 
resources available? 

e How does gravity affect falling objects? 

e How do you model the word-of-mouth-effect when a rumour is spreading? 


These are just examples of applications. The ways how ODEs can be used to 
By the end of this module... 


e ... you will be able to use differential equations to model real life situations. 

e ... you will be able to use these models to predict the behaviour of such situations. 

e ... you will be familar with the "stuff equation" that models how a certain quantity enters and/or leaves a system. 
e ... you will be comfortable with creating a model for a situation you haven't encountered before. 


Textbook Reference: https://openstax.org/books/calculus-volume-2/pages/4-4-the-logistic-equation 
(https://openstax.org/books/calculus-volume-2/pages/4-4-the-logistic-equation) (note: we will cover additional applications that are not 
covered in this textbook chapter) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 


goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
175, 177, 191, 195, 201 


Past term test and exam questions: 
Term Test 2 2019: 10 

Term Test 2 2018: 12 

Term Test 2 2017: 9 

Term Test 2 2020: 12 

2021 Term Test 3: Q3, Q4 


D1: Homogeneous Equations - Module Description 
and Suggested Problems 


What This Module Is About 


An equation of the form 


dy 


Q ea 
dt? 


dy _ 
+b +cy=0 


is called a homogeneous second-order linear differential equation with constant coefficients. 


Homogeneous second-order linear differential equations have many applications in engineering. They are used to model a large 
variety of phenomena, such as mass-spring systems, RLC circuits in electric circuit theory, and the blood glucose regulatory system in 
humans. For example, the suspension in a car, which smooths out the ride on a bumpy road, is described by this type of equation. 


In this module, we will learn how to solve homogeneous second-order linear differential equations with constant coefficients. 


By the end of this module... 


e ... you understand how a homogeneous second-order linear differential equation with constant coefficients is related to a 2nd 
degree polynomial called the characteristic equation. 

e ... you can find two solutions of such an ODE that are not constant multiples of each other, using the characteristic equation and 
distinguishing between different cases depending on the kinds of roots that it has. 

e ... you appreciate that such two solutions can be used as "building blocks" to write any other solution of the ODE. 


Textbook Reference: Calculus Volume 3, Chapter 7.1 https://openstax.org/books/calculus-volume-3/pages/7-1-second-order- 
linear-equations (https://openstax.org/books/calculus-volume-3/pages/7-1-second-order-linear-equations) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
4, 16, 40, 48, 52 


Past term test and exam questions: 
2019 Final Exam: 13a 

2018 Final Exam: 8 

2020 Test 2: Q1, Q2, Q4/5/6, Q10 
2021 Term Test 3: Q1, Q2 


D2: Non-Homogeneous Equations - Module 
Description and Suggested Problems 


What This Module Is About 


Second-order differential equations have many applications in engineering. In addition to the ones mentioned in module D1, such 
differential equations govern the fundamental operation of important areas such as automobile dynamics, tyre dynamics, 
aerodynamics, acoustics, bridges and dams, for example, earthquake and wind engineering, industrial process control, control and 
operation of automation (robotic) systems, electric power generation, orbital dynamics of satellite systems, and so on. 


Such systems often have an external effect influencing them: The shock absorbers of an automobile are influenced by shock due to a 
pothole. A guitar string is influenced by a player plucking it. A bridge is influenced by wind. These kinds of external influences to 
swinging/oscillating objects are described by nonhomogeneous terms. We will talk more about these applications in module D3. 


a d 
Before we can do so, we need to learn how to solve second-order differential equations of the form a oF b= + cy = f(t) . Note 


the difference to module D1. We now have a function in terms of t on the right-hand side! 


We are NOT covering variation of parameters in this course (which is in the textbook, too). You do NOT need to learn it and 
you can NOT use it in coursework (tutorials, term tests, exam). We are only covering undetermined coefficients. 


By the end of this module... 


e ... you will be able to distinguish between a complementary solution and a particular solution of a nonhomogeneous second-order 
linear differential equation with constant coefficients. 
e ... you will know how to combine complementary and particular solutions into general solutions of such an equation. 


. da d 
e ... you will be able to find particular solutions for second order differential equations of the form a =F b= + cy = f(t) where 


the function f(t) is a polynomial, an exponential, a sine or cosine, or a sum or product of these functions. 


Textbook Reference: Calculus Volume 3, Chapter 7.2 https://openstax.org/books/calculus-volume-3/pages/7-2- 
nonhomogeneous-linear-equations (https://openstax.org/books/calculus-volume-3/pages/7-2-nonhomogeneous-linear-equations) 


Suggested Problems 


Textbook Exercises: 
55, 61, 71, 81 


Past term test and exam questions: 
2018 Final: 13b 

2019 Test 2, Multiple Choice: 6, 7, 8 
2020 Test 2: Q3, Q4/5/6 

2021 Term Test 4: Q3, Q5, Q6 

2021 Final: Q5 


D3: Applications - Module Description and Suggested 
Problems 


What This Module Is About 


In engineering and acoustics, second order linear differential equations can allow us to study mechanical vibrations. In this module we 
will study the mathematical models behind some very interesting phenomena: 


e How the magnitude of friction can significantly affect the behaviour of an oscillator (Damping) and how this effect is taken into 
account when designing shock absorbers for a car. 

e The wavering sound that you can hear when two musical instruments are out of tune (Beats) 

e An opera soprano shattering a wine glass with a sustained, high pitched tone (Resonance) 


By the end of this module... 


e ... you will have seen new ways appreciate the power of second order differential equations to describe real life phenomena. 
e ... you will be able to connect physical phenomena to each part of the equation ay” + by’ + cy = f(t). 
e ... you will understand why it is so important for engineers to avoid resonance when designing structures. 


Textbook Reference: Calculus Volume 3, Chapter 7.3 https://openstax.org/books/calculus-volume-3/pages/7-3-applications 


Suggested Problems 


Textbook Exercises: 
7.3 - 86, 91, 97, 99, 103 


Past term test and exam questions: 
2020 Test 2: Q13, Group Q5 


2020 Final: Q3 (also needs E1) 
2021 Term Test 4: Q4 


E1: Approximating with Taylor Polynomials - Module 
Description and Suggested Problems 


What This Module Is About 


If you want to find the value of et you would definitely use a calculator. But, have you ever wondered how calculators compute it? 
They use polynomials (which are extremely easy to work with) to find an approximation to e”! 


As you already know, working with functions like exponential, logarithmic or trigonometric functions, or even very tricky combinations of 
them is hard. If we could replace them with a "polynomial", life would be so much simpler. For example, we would be able to calculate 
values of these functions using only the operations of addition, subtraction, multiplication, and division, and computing derivatives and 
integrals would take no time at all. 


We already saw in MAT 186 how to approximate a function using a linear polynomial (buzzword: tangent line). Now, we will use a 
similar idea to try to increase the degree of the approximating polynomial, hoping that this will help the approximation become more 
and more accurate over a greater domain. Later, we will do what we always do in calculus and try to take the limit of these 
polynomials. 


By the end of this module... 


e ... you will be able to approximate a function using polynomials. 

e ... you will understand why and how Taylor polynomials are a natural and excellent way to approximate complicated functions. 

e ... you will be able to determine how accurate these polynomial approximations are. 

e ... you will appreciate that using polynomials to approximate functions makes it much easier to work with more complicated 
functions like exponential or trigonometric functions. 


Textbook Reference: Calculus Volume 2, Chapter 6.3 https://openstax.org/books/calculus-volume-2/pages/6-3-taylor-and- 
maclaurin-series _(https://openstax.org/books/calculus-volume-2/pages/6-3-taylor-and-maclaurin-series) 


Distinction between Module E1 and E2 


Both modules use the same textbook chapter. Here is the breakdown, based on subtitles in the textbook: 


e "Taylor Series": Module E2 

e "Taylor Polynomials": Module E1 

e "Taylor’s Theorem with Remainder": Module E1 

e "Representing Functions with Taylor and Maclaurin Series": Module E2 


Rough guideline: Whenever there are an infinite number of terms, it's module E2. Please use the classroom material for further 
reference. 


Suggested Problems 


Textbook Exercises: 
6.3: 119, 123, 125, 130, 133, 138 


Past term test and exam questions: 
2020 Test 2: Q7, Q9, Q11 

2020 Final: Q3 (also needs D3) 
2021 Term Test 4: Q1, Q2, Q8 
2021 Final: Q2, Q4 


E2: Taylor Series - Module Description and 
Suggested Problems 


What This Module Is About 


So far, our main modus operandi in calculus has been: 
(i) find an approximation, (ii) find a way to improve it, and (iii) take the limit (for example this is how we find the area under a curve). 


When trying to approximate the value of some "complicated" functions, so far we have 

(i) found a linear approximation (tangent line) 

(ii) improved this approximation by creating Taylor polynomials, and we saw that we can improve these approximations by taking Taylor 
polynomials of higher and higher degree. 


Now, we are getting to step (iii). If higher and higher order polynomials generally give us better and better approximations, what if we 
let the degree of the polynomials go to infinity, so that we get "infinite-degree Taylor polynomials" (called Taylor Series)? We will see 
that this will often give us a "perfect approximation", i.e. we get the precise value of the function being examined.Once we finished this 
module... 


e ...you will be able to find a Taylor Series for a function. 
e ...you will know under which conditions a Taylor Series equals the values of the function. 


Textbook Reference: Calculus Volume 2, Chapter 6.3 https://openstax.org/books/calculus-volume-2/pages/6-3-taylor-and- 


maclaurin-series _(https://openstax.org/books/calculus-volume-2/pages/6-3-taylor-and-maclaurin-series) 


Distinction between Module E1 and E2 
Both modules use the same textbook chapter. Here is the breakdown, based on subtitles in the textbook: 


e "Taylor Series": Module E2 
e "Taylor Polynomials": Module E1 


e "Taylor’s Theorem with Remainder": Module E1 
e "Representing Functions with Taylor and Maclaurin Series": Module E2 


Rough guideline: Whenever there are an infinite number of terms, it's module E2. Please use the classroom material for further 
reference. 


Suggested Problems 


Textbook Exercises: 
6.3: 151, 158, 161, 163, 168, 170 


Past Tests: 

2020 Final: Q3 (also needs D3) 
2021 Term Test 4: Q7 

2021 Final: Q1 


E3: Ratio Test - Module Description and Suggested 
Problems 


What This Module Is About 


We have already seen some examples of power series that do not converge for all values of x. For example, let's take a look at the 


series Xp 2”. 


If we plug £ = L, we get 


oo 1\"_ 1 _ 
nO (3) ~~ 1-1 =2 
2 
but on the other hand, plugging in æ = 2, we obtain 


502 =1+2+4+8+16+---= 00 


n=0 


But, how do we know if a series converges, besides looking at the graph or trial-and-error? 
For general series (infinite sums), the answer is complicated. Luckily, there are some tests available that often help. 
Once we finished this module... 


e ... you will be able to evaluate whether a series is convergent or not for a large number of series. 

e ... you will be able to determine the radius of convergence of a power series. 

e ... you will be able to judge for what values of x a certain Taylor Series (which is a power series) can be used to approximate a 
function or not. 

e ... you will be comfortable with the concept of radius of convergence and how manipulating a series changes this radius. 


Textbook Reference: Calculus Volume 2, Chapter 5.6 https://openstax.org/books/calculus-volume-2/pages/5-6-ratio-and-root- 
tests _(https://openstax.org/books/calculus-volume-2/pages/5-6-ratio-and-root-tests)_ 
Calculus Volume 2, Chapter 6.1 https://openstax.org/books/calculus-volume-2/pages/6-1-power-series-and-functions 


We are NOT covering the root test, which is also mentioned in Chapter 5.6. 


Suggested Problems 


Textbook Exercises: 
5.6: 319, 326, 335, 345, 367 
6.1: 6, 15, 17, 19, 26, 31, 33, 44, 58 


Past Tests: 
2020 Final: Q3 
2021 Term Test 5: Q1 


E3: Ratio Test - Module Description and Suggested 
Problems 


What This Module Is About 


We have already seen some examples of power series that do not converge for all values of x. For example, let's take a look at the 


series Xp 2”. 


If we plug £ = L, we get 


oo 1\"_ 1 _ 
nO (3) ~~ 1-1 =2 
2 
but on the other hand, plugging in æ = 2, we obtain 


502 =1+2+4+8+16+---= 00 


n=0 


But, how do we know if a series converges, besides looking at the graph or trial-and-error? 
For general series (infinite sums), the answer is complicated. Luckily, there are some tests available that often help. 
Once we finished this module... 


e ... you will be able to evaluate whether a series is convergent or not for a large number of series. 

e ... you will be able to determine the radius of convergence of a power series. 

e ... you will be able to judge for what values of x a certain Taylor Series (which is a power series) can be used to approximate a 
function or not. 

e ... you will be comfortable with the concept of radius of convergence and how manipulating a series changes this radius. 


Textbook Reference: Calculus Volume 2, Chapter 5.6 https://openstax.org/books/calculus-volume-2/pages/5-6-ratio-and-root- 
tests _(https://openstax.org/books/calculus-volume-2/pages/5-6-ratio-and-root-tests)_ 
Calculus Volume 2, Chapter 6.1 https://openstax.org/books/calculus-volume-2/pages/6-1-power-series-and-functions 


We are NOT covering the root test, which is also mentioned in Chapter 5.6. 


Suggested Problems 


Textbook Exercises: 
5.6: 319, 326, 335, 345, 367 
6.1: 6, 15, 17, 19, 26, 31, 33, 44, 58 


Past Tests: 
2020 Final: Q3 
2021 Term Test 5: Q1 


E4: Manipulating Power Series - Module Description 
and Suggested Problems 


What This Module Is About 


When finding the Taylor Series of a function, we end up with what is called a power series, which can be considered as an "infinite- 
degree polynomial". Power series look like this: 


> otn(tæ — a)”, wherec, ER. 


The coefficients can generally be anything. For the Taylor Series of a differentiable function, for example, the coefficients are given as 
_ f(a) 


n! 


Cn 
To be able to work with Taylor Series, we should therefore know how to manipulate power series. 


We have noted in our work with Taylor polynomials and Taylor series that polynomial functions are some of the simplest possible 
functions in mathematics, in part because they require only addition and multiplication to evaluate. We can also easily differentiate or 
integrate any polynomial. 


In this module, we will see that from the point of view of calculus, power series ("infinite-degree polynomials") are just as nice as finite- 
degree polynomials, and we can work with them in the same way. 


This turns out to be extremely helpful. Using power series will allow us to solve problems that were absolutely out of reach before. For 
example: 


e It allows us to evaluate definite integrals of functions that don't have elementary antiderivatives, which have extremely important 
applications in science and engineering. 
e We can also use power series to solve differential equations that we wouldn't be able to solve otherwise. 


Once we finished this module... 


e ...you will be able to differentiate and integrate a power series. 


e ...you will be able to manipulate Taylor series of known functions to obtain Taylor series for other functions. 
e ...you will appreciate how extremely useful power series are in solving a wide variety of problems: 
o You will be able to evaluate limits of functions. 
o You will be able to evaluate a definite integral using Taylor series 
o You will be able to solve ODEs, including some that can't be solved with previous methods, like second order nonlinear 
differential equations with non-constant coefficients. 


Textbook Reference: Calculus Volume 2, Chapter 6.2 https://openstax.org/books/calculus-volume-2/pages/6-2-properties -of- 
power-series (https:/openstax.org/books/calculus-volume-2/pages/6-2-properties-of-power-series)_ 

Calculus Volume 2, Chapter 6.4 https://openstax.org/books/calculus-volume-2/pages/6-4-working-with-taylor-series 
(https://openstax.org/books/calculus-volume-2/pages/6-4-working-with-taylor-series) 


Suggested Problems 


Textbook Exercises: 
6.2: 65, 70, 79, 81, 87, 90, 94 
6.4: 188, 196, 204, 214, 238, 249 


Past Tests: 
2021 Term Test 5: Q3, Q4, Q5 


F1: Parametric Equations - Module Description and 
Suggested Problems 


What This Module Is About 


So far we have been drawing graphs by relating x-values to y-values through a function f by the following procedure: 


Use function f to find y 
(y = f(x)) 


Plot (x, y) 


Choose xx 


However, in some cases it is useful to introduce a third variable, called a parameter, and express x and y in terms of this parameter. 
This results in two equations, called parametric equations. 


The following picture illustrates the situation: 


_, Use a function f to find x 


ne, (x = f(t)) — 
Choose t <_ T Plot (x,y) 


“+ Usea function g to find y 
(y = g(t)) 


This allows us to graph many interesting curves that would be difficult or even impossible to plot otherwise. 


For example, one of the advantages of parametric equations is that they can be used to graph curves that have two y-values for one x- 
value, like the unit circle. So far, we were only able to plot either the upper semicircle using y = y 1 — 2? or the lower semicircle 
using y = — vy 1 — x?. Parametric equations will allow us to express, for example, an object moving along the whole circle. 


Another advantage of parametric equations is that the parameter can be used to represent something useful and therefore provide us 
with additional information about the graph. For example, if t represents time when (x, y) is the position of a particle, then the 


parametric equations describe the motion of the particle along its path. 
This also allows us to determine properties like the particle's velocity and acceleration. 
Once we finished this module... 


e ...you will be able to sketch a parametric curve. 
e ...you will know how to represent the graph of a function y = f(x) using parametric equations. 
e ...you will understand that the same curve can be represented in different ways using parametric equations. 


e ...you will understand different parametric equations can be used to trace the same curve at different speeds. 
| So d d 

e ... you will be able to connect derivatives of the form æ = and = 

Textbook Reference: Calculus Volume 2, Chapter 7.1 https://openstax.org/books/calculus-volume-2/pages/7-1-parametric- 
equations (https:/openstax.org/books/calculus-volume-2/pages/7-1-parametric-equations) and Chapter 7.2 


https://openstax.org/books/calculus-volume-2/pages/7-2-calculus-of-parametric-curves _(https://openstax.org/books/calculus- 


Clarification: Chapter 7.2 also covers techniques to find the tangent line to parametric curves, to integrate using parametric curves 
and to find the arclength of parametric curves. We will cover these topics in module F3 instead, once we talked about polar 
coordinates. 


Suggested Problems 
Textbook Exercises: 

7.1: 1, 15, 21, 31, 54, 58 

7.2: 66, 70, 75, 80, 87, 99, 114 


Past Tests: 
2021 Term Test 5:Q1, Q6 


F2: Polar Coordinates - Module Description and 
Suggested Problems 


What This Module Is About 


So far we have only used rectangular coordinates. However, the rectangular coordinate system can be quite difficult to use in certain 
situations. For example, take the Archimedes' Spiral, which is used in digital light processing (DLP) projection systems to minimize the 
"rainbow effect". 

Finding an equation for the Archimedes' Spiral is very difficult if we use rectangular equations, but extremely easy if we use a new 
coordinate system called polar coordinates, which is the focus of this module. 


In polar coordinates, the graph above can be written as r = 6. 
In rectangular coordinates, we would need to write (a? + y”)!/? = arctan(y/x) 


As you can see from the previous example, polar coordinates come in handy when we are describing things that have a centre of 
symmetry (like a circle) or that rotate in a spiral. 


Some applications where polar coordinates are used include terrestrial navigation with sonar-like devices, and those in engineering 
and science involving energy radiation patterns. The ability to change from rectangular to polar coordinates is extremely important in 
electrical engineering when using complex numbers and their use in AC electrical circuit theory. 


Once we finished this module... 


e ...you will be able to convert between polar and rectangular coordinates. 

e ...you will be able to plot basic curves in polar coordinates. 

e ...you will appreciate the usefulness of polar coordinates to plot some curves that would be very difficult or even impossible to draw 
using rectangular coordinates. 

e ...you will understand that choosing the most appropriate coordinate system depending on the curve can significantly simplify the 
work. 


Textbook Reference: Calculus Volume 2, Chapter 7.3 https://openstax.org/books/calculus-volume-2/pages/7-3-polar- 
coordinates (https:/openstax.org/books/calculus-volume-2/pages/7-3-polar-coordinates) 


Suggested Problems 


Textbook Exercises: 
7.3: 130, 142, 148, 152, 159, 168, 174, 175 
Past Tests: 


2020 Final: Q1 
2021 Term Test 5: Q7, Q8 
2021 Final: Q3 


F3: Calculus in Polar Coordinates - Module 
Description and Suggested Problems 


What This Module Is About 


We have just learned how to plot curves in polar coordinates. When we describe a curve using polar coordinates, it is still a curve in the 
x — y plane. We now would like to be able to answer two questions about curves in polar coordinates that we already know how to 
answer for curves in rectangular coordinates: how to find the slope and tangent line of a polar curve, and how to compute the area 
enclosed by a polar curve. 


Once we finished this module... 


e ...you will be able to compute derivatives of polar curves 

e ...you will be able to find the equation of a tangent line to a polar curve. 

e ...you will be able to find the area of a region bound by a polar curve. 

e ...you will be able to find the intersection points of two polar curves. 

e ...you will be able to find the area of a region bounded by two polar curves. 


Textbook Reference: Calculus Volume 2, Chapter 7.4 https://openstax.org/books/calculus-volume-2/pages/7-4-area-and-arc- 
length-in-polar-coordinates (https://openstax.org/books/calculus-volume-2/pages/7-4-area-and-arc-length-in-polar-coordinates) 


Clarification: This module also covers several parts of Chapter 7.2 that were not covered in module F1. 
https://openstax.org/books/calculus-volume-2/pages/7-2-calculus-of-parametric-curves _(https://openstax.org/books/calculus- 


Suggested Problems 


Textbook Exercises: 


7.4: 192, 195, 201, 203, 208, 219, 231, 235 


Past Tests: 
2021 Term Test 5:Q2 
2021 Final: Q3 


F4: Vector Valued Functions - Module Description and 
Suggested Problems 


What This Module Is About 


In this module we continue the study of curves described using parametric equations by introducing some nice terminology and moving 
to three dimensions (or beyond!). With the vector-valued function notation we can connect more easily with what we have learned so 
far in calculus. We will revisit notions such as derivatives, integrals, tangents, length of a curve, and then add a few new ideas. 


Later in the course we are going to use vector-valued functions to describe the motion of planets and other objects through space. 
Here we prepare the way by developing the calculus of vector-valued functions. 


Once we finished this module... 


e ...you will be able to compute limits of vector-valued functions. 

e ...you will be able to compute the derivative of a vector-valued function. 

e ...you will be able to compute the tangent vector of a vector-valued function. 

e ...you will be able to find the unit tangent vector of a vector-valued function and understand its meaning. 
e ...you will be able to compute integrals of vector-valued functions. 


Textbook Reference: Calculus Volume 3, Chapters 3.1 and 3.2 https://openstax.org/books/calculus-volume-3/pages/3-1-vector- 
valued-functions-and-space-curves (https://openstax.org/books/calculus-volume-3/pages/3-1-vector-valued-functions-and-space- 
curves) https://openstax.org/books/calculus-volume-3/pages/3-2-calculus-of-vector-valued-functions 
(https://openstax.org/books/calculus-volume-3/pages/3-2-calculus-of-vector-valued-functions) 


Suggested Problems 


Textbook Exercises: 


3.1: 2, 5, 7, 14, 16, 18, 21, 23, 33 


3.2: 43, 54, 56, 64, 66, 68, 73 
Past Tests: 


2020 Final: Q2, Essay 1 
2021 Final: Q6, Q7 


F5: Arc Length - Module Description and Suggested 
Problems 


What This Module Is About 


Suppose a vector-valued function describes the path of a moving object. If we want to determine the distance traveled by the object 
over a given time interval, we will need to find the arc length of the path that the object follows. 


Arc length has some other very useful applications. So far we have described position only in terms of time. However, in everyday life, 

we often describe position in terms of distance. For example, if you are meeting your friends to study for the midterm, and they call you 
to ask where you are, you might answer "| am 800m away from Robarts Library", which gives them a good idea of where you are. The 

arc length reparametrization of a curve allows us to reference position in terms of distance travelled. 


A more mathematicial viewpoint on arclength is to look at the two curves 7 (t) = (t, t) and F(t) = (t%, t?). They describe the exact 
same curve (a straight line), but at different speeds. But is there one "best" way to parametrize that straight line? That's what the 
arlength parametrization will answer. 


Once we finish this module... 


e ...you will be able to calculate the length of a parametric curve. 

e ...you will be able to reparameterize a function T(t) in terms of arc length. 

e ...you will understand the difference between a parametrization in terms of time elapsed (7 (t)) and a parametrization in terms of 
distanced travelled (F (s)) 


Textbook Reference: Calculus Volume 3, Chapter 3.3 https://openstax.org/books/calculus-volume-3/pages/3-3-arc-length-and- 
curvature  (https://openstax.org/books/calculus-volume-3/pages/3-3-arc-length-and-curvature) 


Note: Chapter 3.3 also covers the curvature and normal vector. We will cover these in a separate module, F6. 


Suggested Problems 


Textbook Exercises: 
3.3: 103, 104, 108, 110 
Past Tests: 


2020 Final: Q2a 
2021 Final: Q7 


F6: Normal Vector and Curvature - Module 
Description and Suggested Problems 


What This Module Is About 


So far, when considering parametric curves T? (t), we have talked about the tangent vector and the speed. These vectors tell us about 
the direction in which we are traveling and how fast we are traveling. 


Just as knowing the direction tangent to a path is important, knowing a direction orthogonal to a path is also very important to 
understand the properties of the curve. When dealing with real-valued functions, we define the normal line at a point to be the line 
through the point that is perpendicular to the tangent line at that point. We will do something similar with vector-valued functions. 


However, for a curve in 3D space, there are infinitely-many vectors that are perpendicular to the tangent vector. In this module, we will 
derive a special vector which - in addition to being perpendicular to the tangent vector -- is the only one that points in the direction 
towards which the curve is turning. This vector is also called the principal unit normal vector. 


Furthermore, we will study the concept of curvature. We intuitively know that some paths are "straighter" than others, and some are 
"curvier" than others, but so far we lack a measurement of "curviness." The curvature will tell us how much we are turning in the 
direction of the normal vector. 


Understanding unit tangent and normal vectors and their meaning is very important for understanding motion. In a way, acceleration is 
more important than velocity: you can't feel velocity, but you can feel acceleration. 


In curvilinear motion, acceleration is a vector which is best understood in terms of the unit tangent vector T and the principal unit 


normal vector N. We will discuss this application in the next module. 
Once we finished this module... 


e ...you will be able to define unit normal vector and curvature. 
e ...you will understand the geometric meaning of the unit normal vector ("direction of turning") and curvature ("how much we turn") 
e ...you will understand how the definitions and the geometric meaning are connected. 


e ...you will be able to calculate the normal vector and curvature of space curves defined in parametric form 


Textbook Reference: Calculus Volume 3, Chapter 3.3 https://openstax.org/books/calculus-volume-3/pages/3-3-arc-length-and- 
curvature (https://openstax.org/books/calculus-volume-3/pages/3-3-arc-length-and-curvature) 


Note: Chapter 3.3 also covers arclength. This was covered in module F5. 


Suggested Problems 

Textbook Exercises: 

3.3: 116, 119, 122, 125, 132, 140, 145, 148, 153 
Past Tests: 


2020 Final: Q2b, 4 
2021 Final: Q7 


F7: Motion in Space - Module Description and 
Suggested Problems 


What This Module Is About 


We have now seen how to describe curves in the plane and in space, and how to determine their properties, such as arc length, 
curvature, tangent and normal vectors. In this section we will put all these ideas together to describe the motion of an object along a 
space curve including its velocity and acceleration. 


Using a vector-valued function to describe the position of an object, we will be able to study problems such as projectile motion (motion 
of objects under only the influence of gravity), Kepler's laws of planetary motion, and much more. 


Once we finished this module... 


e ...you will be able to obtain the velocity vector from a vector-valued function for the position 

e ...you will be able to solve problems about the motion of objects under gravity alone 

e ...you will be able to find the normal and tangential components of acceleration of a particle traveling along a curved path. 
e ...you will understand the physical meaning of the normal and tangential components of acceleration. 


Textbook Reference: Calculus Volume 3, Chapter 3.4 https://openstax.org/books/calculus-volume-3/pages/3-4-motion-in-space 


Suggested Problems 


Textbook Exercises: 
3.4: 157, 161, 163, 164, 181, 196, 197 


Past Tests: 


2020 Final: Q4 
2021 Final: Q6 


